In this paper, a detailed analysis for superradiant stability of the system composed by a D-dimensional Reissner-Nordström-anti-de Sitter (RN-AdS) black hole and a reflecting mirror under charged scalar perturbations are presented in the linear regime. It is found that the stability of the system is heavily affected by the mirror radius as well as the mass of the scalar perturbation, AdS radius and the dimension of space-time. In a higher dimensional space-time, the degree of instability of the superradiant modes will be severely weakened. Nevertheless, the degree of instability can be magnified significantly by choosing a suitable value of the mirror radius. Remarkably, when the mirror radius is smaller than a threshold value the system becomes stable. We also find that massive charged scalar fields cannot trigger the instabilities in the background of D-dimensional asymptotically flat RN black hole. For a given scalar charge, a small RN-AdS black hole can be superradiantly unstable, while a large one may be always stable under charged scalar field with or without a reflecting mirror. We also show that these results can be easily expounded and understood with the help of factorized potential analysis.
Introduction
In classical theory of gravity, black holes are some space-time regions that can not communicate with exterior and no matter and information trapped in the black hole can escape to exterior. Therefore, it is intriguing that superradiant scattering, a classical process through which energy can be extracted from a black hole, emerges.
For a comprehensive review of superradiance in black hole physics, we refer to Ref. 1 and references therein.
It is well established that bosonic waves impinging on a Kerr black hole can be amplified if the frequency of the wave satisfies the superradiance condition
where m and Ω H are respectively the azimuthal number of the wave mode and the angular velocity of black hole on the horizon. A similar phenomenon exists in charged Reissner-Nordström(RN) black hole space-times. In this case, the amplification of an incident charged bosonic wave occurs for the frequency satisfying
where q is the charge of the incident bosonic field and Φ H is the electric potential at the black hole horizon. More significantly, the superradiant modes may result in the instability of the background if there exists some mechanism via which these modes can be trapped in the vicinity of the black hole. 2 If a bosonic wave surrounds the black hole with a reflecting mirror, it will bounce back and forth between the mirror and event horizon, amplifying itself each time. Then initially small perturbations could be made to grow without bound until the radiation pressure finally destroys the mirror.
3 This is the so-called "black hole bomb" ideal proposed by Press and Teukolsky. 4 It is known that the mass of the field itself provides a natural mirror in Kerr space-time. 5, 6 The instabilities of Kerr black holes under massive bosonic perturbations have been studied extensively. [7] [8] [9] [10] [11] [12] [13] However, charged massive bosonic fields cannot result in the instability for RN space-time. Recently, we also show that charged scalar fields can not trigger the instability of black holes in a theory that nonlinear electrodynamics couples to Einstein gravity.
14 In fact, it has been proved by Hod that four dimensional charged RN black holes are stable to charged massive scalar perturbations in the entire parameter space because the superradiance condition and the bound-state condition which are required in order to trigger the superradiant instability cannot operate simultaneously. [15] [16] [17] Interestingly, it is found that one can still make four dimensional RN black holes unstable to charged scalar fields (massless or massive) by adding a reflecting mirror outside of the black hole. 18, 19 This frequency-domain conclusion on instability has been confirmed by a time-domain study. 20 Li et al. 21 further investigate the superradiant instability of the system composed by D-dimensional RN black hole, charged massless scalar field, and reflecting mirror outside of the black hole analytically. As a matter of fact, the black-hole-mirror bombs have been studied extensively in the literature. 3, 8, 10, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] A space-time with a naturally incorporated mirror in it is anti-de Sitter (AdS) space-time, which has attracted a great deal of attention recently due to the socalled AdS/CFT correspondence or gauge/gravity duality. [29] [30] [31] In such a duality, a black hole is dual to a thermal state and a perturbed black hole is dual to a nonthermal boundary gauge theory and the approach to equilibrium in the gravitational side is translated to understanding thermalization in the boundary gauge final Superradiant instability of D-dimensional RN-AdS black hole mirror system 3 theory. Especially, some correlation functions and transport coefficients of the dual holographic theory are related the linear response of black hole in general and the quasinormal frequencies of AdS black holes have a direct interpretation in terms of the dual gauge field theory. Therefore, gaining an insight into the behavior of perturbed black holes in asymptotically AdS space-times is of great relevance for current fundamental and practical researches.
For a black hole in AdS space-time, the black hole bomb effect can be also realized due to the fact that the timelike boundary of the AdS space-time plays the role of a resonant cavity between the black hole and spatial infinity. Therefore, it is not difficult to understand the instability of small Kerr-AdS black holes, as argued in Ref. 32 a , although Hawking and Reall have shown that, at least for large Kerr-AdS black holes, this instability is not present. 34 Uchikata and Yoshida 35 explicitly compute the unstable modes of a charged massless scalar field in the background of RN-AdS black holes. Recently, the nonlinear development and the final fate of the RN-AdS black hole superradiant instability are studied by Bosch, Green and Lehner. 36 It was shown that superradiant modes are unstable for Myers-Perry black holes in high-dimensional AdS space-time. 37 The superradiant instability for a charged scalar field in a D-dimensional small RN-AdS black hole is investigated analytically and numerically in frequency domain by Wang and Herdeiro. 38 Superradiance and instability of small rotating charged AdS black holes in all dimensions are studied by Aliev.
39 Recently, the time evolution of scalar field perturbations in D-dimensional RN-AdS black holes is also investigated.
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The main purpose of the present paper is to investigate the superradiant instability of the system composed by a D-dimensional charged RN black hole in AdS space-time and a reflecting mirror outside of the black hole. The paper is organized as follows: In Sec. 2, we introduce the background space-time and the charged scalar perturbation equation with mirror-like boundary condition which is numerically explored in Sec. 3. After an explanation by using factorized potential analysis in Sec. 4, we draw some conclusions in the last section. Throughout the paper, we use natural units in which G = c = = 1.
Background and perturbation equations
We shall consider a charged, massive scalar field Ψ propagating in the background of a D-dimensional RN-AdS black hole. In Boyer-Lindquist-type coordinates, the space-time outside the black hole is described by the following line element 
Here, the parameter λ is related to the cosmological constant in the following way
Note that λ is positive for AdS space-time, therefore it will be convenient to define L 2 = 1/λ where L is called AdS radius. The quantities M and Q in Eq.(4) are respectively given by the massM and the chargeQ of the black hole via
where the volume of the (
. It is noted that, just as RN black hole in four dimensional space-time, the higher-dimensional RN-AdS black hole usually has two horizons: the event horizon at r = r + , which we consider it as the edge of the black hole and the Cauchy horizon at r = r − inside the black hole. For convenience, we measure all quantities in terms of the event horizon r + and set r + = 1 throughout the paper. According to the definition of the horizon, we have
then it can be obtained that
For non-extremal black holes, we have r − < r + , correspondingly, Q < Q c , where the critical charge Q c corresponds to the maximal charge which, in our units, is determined by
for given values of λ and D. On the other hand, for extremal black holes, r − = r + = 1 and Q = Q c . Due to the spherical symmetry of the background space-time, we can set the angular components of the electromagnetic potential of the black hole to zero and select a gauge to let the radial component vanish, then the electromagnetic potential is
where we have taken a vanishing electromagnetic potential at spatial infinity. Neglecting the back-reaction of the scalar field on the metric and on the electromagnetic field, we can describe the dynamics of the charged scalar field by the following Klein-Gordon equation
where ∇ µ is the covariant derivatives in RN-AdS space-time and the vector potential A µ is determined by Eq.(10). Here, q and µ are the charge and mass of the field, respectively. It is convenient to decompose the scalar field in the form
where
Here ℓ is spherical harmonic index and the azimuthal harmonic index is omitted. Substituting Eq. (12) into the Klein-Gordon equation (11), we obtain the equation for radial function ψ ℓ (r)
where Φ(r) is given in Eq.(10) and the potential function
Since Eq. (13) is unchanged under ω → −ω and qΦ(r) → −qΦ(r), we consider only the case for ω > 0 and qΦ(r) > 0 without loss of generality. Eq. (13) can be further rewritten in the form
Here, we have introduced the tortoise coordinate r * , which is defined by r * = dr f (r) . The characteristic equation (13) for the radial function ψ ℓ (r) should be supplemented by appropriate boundary conditions. Near the event horizon r + , an ingoing wavelike condition is imposed as usual
where the critical frequency ω c = qΦ(r + ) ≡ qΦ H . One can find that if ω < ω c , the mode appears to be outgoing for an inertial observer at spatial infinity. This is just the superradiant condition of scalar field in D-dimensional RN black hole. In addition, we impose a perfect reflecting "mirror" boundary condition, that is, the scalar field vanishes at the mirror's location r m ,
The characteristic radial equation (13) together with above boundary conditions forms a two-point boundary value problem, which will lead to a discrete spectrum of modes with complex frequencies
where ω R and ω I are two real quantities denoting the real part and imaginary part of frequency, respectively. Since the scalar field has the time dependence Ψ ∼ e −iωt , ω I > 0 or ω I < 0 implies the amplitude of the mode exponentially grows or decays, respectively. To compute the spectrum of bound-state modes numerically, we use an algorithm similar to the one adopted in Ref. 18 . We start integrating the radial equation with the behavior (16) from r = r + (1 + ε) (ε = 10 −5 ) to r m with an initial value of complex frequency ω. This will give us a value for the wave function at r m . Obviously, it is dependent on the value of the complex frequency ω. Changing the value of the frequency and repeating the integration procedure until the boundary condition (17) is satisfied with the desired precision, we obtain the frequency of the bound state.
Numerical Analysis
What follows is a summarization of our numerical results. We show in Fig under a given charged perturbation c , surrounding it with a reflecting mirror may change its stability, which is dependent of the mirror's radius. In other words, to keep a positive value of ω I , the mirror's radius should be greater than a threshold value which is also dependent of the parameters of the black hole. On the contrary, if such a RN-AdS black hole is stable against a specific charged perturbation, its stability will not change qualitatively in the presence of a mirror. In this situation, ω I is alway smaller than 0, although it grows monotonically as r m increases. On the other hand, the potential function (14) is divergent at spatial infinity in AdS space-time, which implies ψ ℓ (r = ∞) = 0, therefore, as the mirror is moved away from the black hole, our numerical results should reduce to the analytic results reported in Ref. 38 in some degenerate cases. Indeed, from Fig.1 , it is obvious that when the mirror radius is large enough (r m ≃ 500r + in the figure), they are all in good agreements d . This may be considered as a confirmation for the validity of our codes. What we are interested in is the influence of physical parameters (such as Cauchy horizon of black hole r − , the dimension of space-time D, the mass of perturbation µ and AdS radius L) on the stability of the black hole-mirror system.
To this end, we first plot the fundamental frequency ω of s-wave (ℓ = 0) of a charged massless scalar perturbation, as a function of the mirror radius r m in some different dimensional RN (λ = 0.0) space-times in Fig.2 . Clearly, the real part does not shift significantly with the change of the space-time's dimension while the imaginary part changes enormously. Moreover, the higher the dimension of c This can be seen from the value of ω I when rm goes to infinity. d Note that, in Ref. 38 all physical quantities are normalized by the AdS radius L = 1/ √ λ and event horizon r + is set to be 0.01. However, we measure all the quantities in terms of the event horizon and set r + = 1 here. Thus, there is a difference of 100 times between the numerical value of our results and those in Ref. 38. the space-time, the smaller the value of the imaginary part of the frequency. It is noteworthy that by solving the system (13) subjected to boundary conditions (16) and (17), we can in principle compute the spectrum of bound states in arbitrary dimensional space-times, but when the dimension of space-time is so high that one would obtain a very small imaginary part of the frequency (e.g., the case of D = 8 in Fig.2 , ω I ∼ 10 −16 for some value of mirror radius). It becomes difficult to numerically compute such a small quantity due to the limited numerical precision. Therefore, without loss of generality, our focus is mainly on the case of five or six dimensional space-times. of the black hole Cauchy horizon r − . Obviously, the real part of the frequency ω R decreases monotonically with r m and r − has a negligible effect on ω R . However, r − can affect drastically the imaginary part of frequency ω I . It is shown that the mirror radius need to be greater than a threshold value to have a positive imaginary part of the frequency and the greater r − becomes, the smaller the threshold value of r m takes. Furthermore, ω I has a positive maximum value for some value of r m and reduces to zero at infinity. For different values of r − , the maximum value of ω I can differ by orders of magnitude. It should be pointed out that although the results presented here are obtained in the five dimensional space-time, similar results should be also obtained in higher dimensional space-times as well as in four dimensional space-time.
18, 19
Now, we would like to investigate the influence of the perturbation's mass on the stability. In Fig.4 , we plot the real and imaginary part of the frequency of quasibound modes of charged scalar perturbations with different values of mass µ in a five dimensional RN space-time as a function of mirror radius r m . Clearly, the real part of the frequency ω R decreases monotonically with r m and reduces to the value of µ as the mirror is moved far away from the black hole. From the right panel, we can find that in the RN black hole mirror system, the greater the value of mass, the smaller the value of ω I . When the mass is greater than some value, the unstable modes would disappear. These results are consistent with those of Ref. 18 . Finally, we study the effect of parameter λ (equivalently, cosmological constant or AdS radius) on the stability of the black hole mirror system. For this, we plot the frequency of mirrored quasi-bound modes of a charged massless scalar perturbation as a function of the mirror radius r m in five dimensional RN-AdS space-times with different values of λ in Fig.5 . Remarkably, the effect of λ on the real part of the frequency ω R is very similar to that of perturbation's mass. The nonzero cosmological constant or λ will increase the value of ω R , although this effect is not noticeable if the mirror radius is small. As the mirror goes to infinity, the asymptotic value of ω R is given by the AdS spectrum
where N is the overtone number of the mode. Note that in Fig.5 , only fundamental modes (i.e., N = 0) are plotted. However, the effect of λ on the imaginary part of the frequency ω I is different from that of perturbation's mass. From the right panel, we realize that for the case λ = 0, ω I does not vanishes when the reflecting mirror is moved far away from the black hole. Besides, for a given value of charge of perturbation, there exists a threshold value for r m when the value of λ is relatively small. When r m is greater than this threshold value, ω I becomes positive, which means the corresponding modes become unstable. The larger λ is, the greater the threshold value of r m takes. Furthermore, the imaginary part ω I has a maximum and it decreases to a non-vanishing constant as the mirror moves to spatial infinity. However, when the value of λ is relatively large (λ = 0.008 for example), ω I is always negative, no matter how large the value of mirror radius is. In this circumstance, the mirror will make the system more stable. It is worthwhile to note that, a greater value of λ corresponds to a smaller AdS radius L, and since we measure the quantities in terms of event horizon r + , a greater value of λ actually means a relatively larger black hole measured by AdS radius. Therefore, the above result is equivalent to tell us that, for a given charged scalar perturbation, small RN-AdS black hole surrounded by a mirror can present superradiant instability, but a larger one may be always stable. Of course, how large a black hole can be said a large black hole in this context depends on the perturbation's charge q. Since there is no bound on q at least on the classical level, a large RN-AdS black hole may be also unstable if the charge is large enough. We will see this more clearly in the next section.
Factorized potential and its application to the stability analysis
To understand our numerical results presented above and make our statements more concrete, it is useful to perform a factorized potential analysis. 
Factorized potential
The factorized potential analysis is effective in the qualitative investigation of the Schrödinger-like equation. For this purpose, we rewrite radial equation (15) as
where the factorized potentials
Here Φ(r) and V (r) are defined in Eq. (10) and Eq. (14), respectively. Since V (r) is positive definite outside the event horizon, we have V + ≥ V − . Clearly, the field ψ has propagative character when ω > V + or ω < V − (classically allowed) and evanescent character when V − < ω < V + (classically forbidden). For a given mode, to form a bound state, its propagative zone needs to be sandwiched between two evanescent zones. On the other hand, from Eq. (21) we have V + (r + ) = qΦ H = ω c , hence, a superradiant scattering occurs only when there are some regions satisfying the condition V + (r) < V + (r + ) = ω c . We call these regions "superradiance zones". As is mentioned in Sec.2, we restrict our discussions for the case of ω > 0. Since the possible bound states for ω > 0 are determined by V + , we focus on the shape feature of V + .
In the left panel of Fig.6 , we plot the factorized potential V + (r) for a charged scalar perturbation in the background of a 5-dimensional RN black hole (λ = 0). Clearly, V + (r) has one maximum point r = r max , outside the black hole and when r > r max , V + (r) decreases monotonically e as r increases and its asymptotic value is just the mass of the perturbation, i.e., V + (∞) = µ. Therefore, "superradiance zone" exists only when the scalar mass µ is relatively small.
The right panel of Fig.6 shows the shape of the factorized potential V + for a massless charged scalar perturbation in 5-dimensional RN-AdS black hole spacetime with different values of λ. Remarkably, there is a potential well outside the potential barrier of V + for the case λ = 0. Nonetheless, "superradiance zone" only exists for a relatively small value of λ. f Here, we would like to emphasize that some results derived from previous nue Though the factorized potential V + (r) is plotted here only for the case of 5-dimensional spacetime, we have actually checked that V + (r) for massive charged scalar field in D-dimensional (D ≥ 4) RN space-times share the same feature of no potential well. f In order to compare with the numerical results presented in previous section, we plot the factorized potential V + (r) in the left and right panel of Fig.6 by taking the same values of parameters as those in Fig.4 and Fig.5 , respectively. merical computation can be also obtained at least qualitatively from analyzing the shape of factorized potential without solving the differential equation numerically or analytically. In the following two subsections, we shall give some examples.
4.2.
The influence of µ on the stability of D-dimensional RN black hole with/without a mirror First, just like those in 4-dimensional space-time, the massive charged scalar perturbations cannot trigger superradiant instabilities in higher dimensional RN spacetimes without a surrounding mirror. This conclusion can be drawn directly from the shape of the factorized potential: Although the superradiant modes are allowed for massless or light massive charged scalar perturbation, there is no propagative zone sandwiched between two evanescent zones. In other words, there is no "bound modes" if there exists no mirror. However, if a reflecting mirror is placed outside of a RN black hole in four or higher dimensional space-time, the bound modes will appear due to the equivalence between a mirror and a infinite high potential at the same location. On the other side, as we have shown in Fig.4 , the real part ω R approaches to the mass when the mirror moves to spatial infinity. Therefore, in the case of r m → ∞, to make the RN black hole mirror system unstable, we should let
This is exactly the condition for the existence of a "superradiance zone". By substituting Eqs. (4), (10) and (14) into Eq. (22) and set λ = 0, condition (22) can be reduced to
When the mirror radius takes a finite value, it is difficult to derive analytically the bound of the superradiant instability regime of the composed black-hole-mirror system. To obtain the exact bound, we have to solve the two-point boundary value problem with the condition ω I (r m , µ, q, ℓ, D, r − , r + = 1, λ = 0) = 0. In fact, according to the shape of the factorized potential, it is pretty convenient to obtain a necessary condition for the superradiant instability. Clearly, if the mirror is placed at the location where V + (r) = ω c , g there must be no bound mode located in the "superradiance zone".
In Fig.7 , we plot the exact bound of the superradiant instability regime as well as the one estimated according to the condition V + (r bound m ) = ω c in the r m -µ plane of parameter space where other parameters are fixed. In the green region, the blackhole-mirror system is stable due to no superradiance zone. In the region between the two bound curves, the system is also stable because, although there exists a g Actually, r = r + is always obey this constraint equation, but of course the mirror can not be placed at the event horizon, so the location which we refer to is the solution next to r = r + .
small superrdiance zone in factorized potential V + (r), the frequency of fundamental bound mode of scalar perturbation is slightly greater than critical frequency for superradiance. Obviously, the estimated bound from factorized potential analysis can serve as a necessary condition for the superradiant instability. Note that the vertical blue dashed line in Fig.7 denotes the mass bound µ = ω c , which is equivalent to Eq.(23). Directly from the shape of the factorized potential shown in the right panel of Fig.(6) , we can draw the conclusion that even without a reflecting mirror, a small D-dimensional RN-AdS black hole may be superradiantly unstable, because when the value of λ is small enough, the potential well can be located in the superradiance zone.
h This argument has been confirmed by our previous numerical results. As has been shown in Fig.5 , the real part ω R decreases monotonically as r m increases for a massless charged scalar perturbation and its asymptotic value is given by the AdS spectrum ω AdS . Therefore, a condition for superradiant instability in RN-AdS background is
In fact, as long as there exists one superradiantly unstable mode, the system can be said unstable. Therefore, substituting Eq. (9) and Eq. (19) with N = ℓ = 0 into condition (24) and using Q < Q c (equivalently, r − < r + ), we obtain a necessary condition for superradiant instability in the limit of r m → ∞,
Clearly, for a given value of charge q, λ should be small enough to satisfy the inequality (25) , that is, a small RN-AdS black hole is prone to showing superradiant instability. However, once the value of λ holds fixed, the black hole mirror system will be unstable only under perturbations with large value of charge q. As is mentioned above, since there is no bound on charge q at least at the classical level, a large RN-AdS black hole can still be unstable provided that the value of charge q is large enough. When the mirror is not far away from the black hole, we can use the condition V + (r bound m ) = ω c again to estimate the bound of superradiant instability. Of course, the exact bound still has to be obtained by integrating the differential equation (15) numerically. In Fig.8 , we plot the exact bound of the superradiant instability regime as well as the one estimated according to the condition V + (r bound m ) = ω c in the r m -q plane of parameter space where other parameters are fixed. Although the estimated bound is not exact, it determines the condition of the superradiant instability approximately. Furthermore, this bound can be considered as a necessary condition for the superradiant instability since the frequency of fundamental mode is greater than the critical frequency for superradiance.
Conclusions
In the present paper, we have performed a detailed analysis for superradiant (in)stability of a D-dimensional RN-AdS-black-hole-mirror system under charged h It is worth noting that the existence of potential well in superradiance zone is not a sufficient condition for superradiant instability. For example, although when λ = 0.004 there exists a "superradiance zone" in the right panel of Fig.6 , the imaginary part ω I is always negative (see the right panel of Fig.5 ). i For RN-AdS black-hole-mirror system, rm → ∞ is equivalent to no mirror. scalar perturbations. The frequencies of the perturbation modes are obtained by numerical computation and they are in a good agreement with previous analytical and numerical results in some degenerate case. It is found that the mirror radius as well as the mass of the scalar perturbation, the cosmological constant (or equivalently AdS radius) and the dimension of space-time has important influence on the stability of the system. In order for the system to become unstable the mirror radius have to be greater than a threshold value. By choosing a suitable value of the mirror radius, the degree of instability can be magnified by several orders of magnitude. In higher dimensional space-time, the degree of instability of the superradiant modes are severely weakened. For the higher-dimensional RN asymptotically flat space-time, the mass of the scalar perturbations alone can not give rise to superradiant instability. For a perturbation with given value of charge, a small RN-AdS black hole can be superradiantly unstable while a large one may be always stable, regardless of the existence of reflecting mirror. We find that all of the results derived from numerical computation can be easily understood with the help of factorized potential analysis. Especially, necessary conditions for superradiant instability can be estimated directly from the shape of the factorized potential.
It should not be denied that what we have studied in this work is of less relevance for astrophysics, but understanding the behavior of a perturbed BH surrounded by a reflecting mirror in asymptotically AdS space-time, as a first step to handle the problem of nonlinear development of the superradiance of black hole, 45, 46 is of interest for the researches inspired by gravity/gauge duality such as holographic superconductors, 47 since it is easy and natural to introduce such a mirror in these dual systems.
